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Abstract Parallel F-actin bundles are a class of organized semiﬂexible polymers that play a critical
role in cell mechanics, including cell adhesion, cell spreading, cell migration, mitosis and intracellular
transport. Here we develop an analytical model of hyperelastic behaviors of an F-actin bundle by
considering a wormlike chain conﬁned in a harmonic potential. Closed form solutions are obtained
for the axial stress–strain relation of an F-actin bundle under stretch. c© 2011 The Chinese Society
of Theoretical and Applied Mechanics. [doi:10.1063/2.1101403]
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Cells can modulate dynamic interactions between
semiﬂexible polymers such as actin ﬁlaments or protein
microtubules by using various binding proteins. Actin
ﬁlaments in cells are often assembled into cross-linked
polymer networks that play a critical role in cell rigidity,
cell motility, intracellular transport and cell division.[1]
Depending on the binding proteins, F-actin strands at
medium concentration can form both chemical (cross-
linked) and physical (entangled) networks with diﬀerent
elastic properties.[2–4] One type of cross-linked chemical
polymer network are parallel actin bundles, in which the
actin ﬁlaments are axially aligned and tightly packed to-
gether through binding proteins. Parallel actin bundles
can be found in a variety of complex structures, where
they appear to function in part as scaﬀolds that help
support or stabilize cellular protrusions, invaginations
or domains of the plasma membrane, and also serve as
stress ﬁbers to mediate cell adhesions.[1] In theoretical
models for bundles of wormlike chains (WLCs), Odijk[5]
developed a theory of WLC buckling within a com-
pressed bundle of WLCs by incorporating the inﬂuence
Fig. 1. Schematic of an F-actin bundle and coordinate
system of a single ﬁlament being modeled as a harmonically
conﬁned wormlike chain (WLC) under stretch.
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of thermal undulations into Euler buckling. Clarssens et
al.[6] experimentally studied the eﬀect of actin-binding
proteins on the mechanical properties of F-actin bun-
dles, and quantitatively reproduced the observed behav-
ior by a molecular-based Euler–Bernoulli beam model.
In spite of these progresses, the mechanical behaviors
of F-actin bundles still remain poorly understood. The
aim of this paper is to develop a closed form analytical
solution for the axial stress–strain relation of a parallel
F-actin bundle under stretch. The solution will show
that stress ﬁbers based on F-actin bundles can stiﬀen
by orders of magnitude under stretch.
Consider an F-actin bundle connected by actin-
binding proteins, as shown in Fig. 1. Each ﬁlament in
the F-actin bundle is modeled here as a WLC conﬁned,
in an average sense, to a cylindrical region. A set of
Cartesian coordinates (x, y, z) are placed at the center
of the cylindrical region so that the z-axis is along the
axial direction of the cylinder. On average, each chain
is stretched by a tensile force f = fk, where k is the
unit vector along the z-axis. The position vector along
the arc length s of the chain is
r = r⊥(s) + z(s)k, (1)
where r⊥ = (x, y) is perpendicular to the z-axis, and
r(0) = 0. The derivatives
u⊥ =
∂r⊥
∂s
, u|| =
dz
ds
k (2)
deﬁne the tangential vector along the chain. In the case
of tight conﬁnement, the undulation of the chain due
to thermal ﬂuctuation will be small so that ‖u⊥‖  1.
The inextensibility condition ‖u‖ = ‖∂r/∂s‖ = 1 and
Eq. (2) lead to
dz
ds
= 1− 1
2
u2⊥ +O(u
4
⊥). (3)
Therefore, we have
∂2r
∂s2
≈ ∂
2r⊥
∂s2
. (4)
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The extra conﬁnement due to the deformable bind-
ing proteins on each WLC is modeled by a harmonic
potential per unit chain length,
V (r⊥) =
1
2
Ξr2⊥, (5)
where Ξ is a constant that should depend on the density
and stiﬀness of the binding proteins. For simplicity, we
assume that the deformation of each binding protein
obeys Hooke’s law with spring constant ξ. Thus we
have Ξ = ξρ, where ρ is the line density of the binding
proteins.
The Hamiltonian of a harmonically conﬁned WLC
under stretch can thus be expressed as a summation of
its bending and potential energies as[7–10]
H =
1
2
pkBT
∫ L
0
(
∂2r
∂s2
)2
ds
− f · [r(L)− r(0)] +
∫ L
0
V (r⊥)ds, (6)
where L and p are the contour and persistence lengths
of the chain.
A. Strain
In a previous study,[7] we have derived the following
relation
1
L
∫ L
0
< u2⊥ > ds =
1√
fp/kBT + 2
√
Ξp3/kBT
(7)
based on Eq. (6). From Eq. (7), we can determine the
average end-to-end distance of the wormlike chain along
the z-axis normalized by the contour length L as
< z >= 1− 1
2
1√
f1 + 2f
1/2
2
, (8)
where f1 = fp/kBT, f2 = p
3Ξ/kBT . Here we regard
< z > as the equilibrium length of the WLC bundle
under stretch.
In the absence of an applied force, f1 = 0 and
Eq. (8) becomes
< z0 >= 1− 2−3/2f−1/42 , (9)
where < z0 > represents the equilibrium length of a
single chain under zero stretching force.
The axial strain of the chain bundle is thus esti-
mated as
ε ≈ < z > − < z0 >
< z0 >
=
1− 2
1/2f
1/4
2√
f1 + 2f
1/2
2
23/2f
1/4
2 − 1
. (10)
It can be seen from Eq. (10) that ε is a function of the
normalized tensile force f1.
B. Stress
In Eq. (6), the potential energy of the external force
can be further approximated as
f · [r(L)− r(0)] = fL− f
2
∫ L
0
(
∂r⊥
∂s
)2
ds. (11)
By considering Eq. (4) and Eq. (11), Eq. (6) can be
expressed as
H =
1
2
pkBT
∫ L
0
(
∂2r⊥
∂s2
)2
ds
+
f
2
∫ L
0
(
∂r⊥
∂s
)2
ds+
Ξ
2
∫ L
0
r2⊥ds.
(12)
Following our previous study,[7] we introduce the
Fourier transform
r˜⊥(ω) =
∫
e−iωsr⊥(s)ds (13)
to decouple Eq. (12) into normal modes as
H
kBT
=
1
4π
∫ ∞
−∞
(
pω4 +
f
kBT
ω2 +
Ξ
kBT
)
r˜2⊥dω,
(14)
where the average energy contributed from each mode
is
〈Hω〉
kBT
=
1
2
(
pω4 +
f
kBT
ω2 +
Ξ
kBT
)〈
r˜2⊥
〉
. (15)
According to the equipartition theorem, < Hω > should
be equal to kBT (with two degrees of freedom per
mode), and Eq. (15) becomes
〈
r˜2⊥
〉
=
2
pω4 +
f
kBT
ω2 +
Ξ
kBT
. (16)
It follows that
1
L
∫ L
0
〈
r2⊥
〉
ds =
p2√
f1f2 + 2f2
√
f2
. (17)
Thus the axial stress within the chain bundle can be
determined as
σ ≈ f
π
(
l0 +
√
1
L
∫ L
0
〈r2⊥〉 ds
)2
=
kBT
πp
f1(f1f2 + 2f2
√
f2)
1/2[
l0(f1f2 + 2f2
√
f2)1/4 + p
]2 ,
(18)
where π
[
l0 +
√∫ L
0
〈r2⊥〉 ds/L
]2
represents the average
cross-section area occupied by a single chain in the bun-
dle.
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C. The stress–strain relation
From Eq. (10), we can see that
f1 = 2f
1/2
2
{
1
(1− ε¯)2 − 1
}
, (19)
where ε¯ = αε, α = 23/2f
1/4
2 −1. Inserting Eq. (19) into
(18) leads to
σ =
[
1
(1− ε¯)2 − 1
]
β1(
β2 + |1− ε¯|1/2
)2 , (20)
where β1 = 2
3/2f
5/4
2 kBT/πp
3 and β2 = 2
1/4l0f
3/8
2 /p.
Equation (20) thus yields a nonlinear axial stress–strain
relation for a WLC bundle under stretch. Further, an
eﬀective Young’s modulus can be deﬁned as
Eeﬀ ≡ dσ
dε
=
αβ1(2− 3ε¯2 + ε¯3 + 2β2
√
1− ε¯)
(1− ε¯)7/2(β2 +
√
1− ε¯)3 , (21)
where we have assumed ε¯ ≤ 1.
The cortical actin ﬁlaments in animal cells are orga-
nized into two general parallel types of arrays. In tight
parallel bundles, as found in microspikes and ﬁlopodia,
the ﬁlaments are oriented with the same polarity and
are often closely spaced (10–20 nm apart). In contrac-
tile parallel bundles, as found in stress ﬁbers and in
the contractile ring during mitosis, ﬁlaments are ar-
ranged with opposite polarities and are more loosely
spaced (30–60 nm apart) with embedded motor pro-
tein myosin-II. For single actin ﬁlaments, most mea-
surements of persistence length are in the range of 3–
18μm[1,12,13]. Based on electron microscope images af-
ter negative staining or low angle shadowing, the actin-
binding protein molecules appear in a broad range of
conformations varying from closed circular structures to
fully extended strands with a contour length of 162 nm
and a radius of gyration of 21.3 nm[14]. We can thus
estimate the equilibrium length of the actin-binding
protein as l0 ≈ 40 nm. These proteins are extremely
ﬂexible[14] and can be treated as ideal chains. Their ra-
dius of gyration of 20 nm and contour length of 162 nm
lead to a persistence length about 7.4 nm and a spring
constant about ξ = 5.1 pN/μm. Hartwig and Stossel[14]
reported that long ﬁlament bundles can be observed in
electron microscope when the concentration of binding
proteins exceeds a certain value.
Assume that the binding proteins decorate the actin
ﬁlaments in a loosely formed bundle, say a stress
ﬁber, at a regular interval of 0.9μm,[15] correspond-
ing to a line density of ρ = 1.1/μm. In this case, we
can estimate the potential constant Ξ in Eq. (5) as
Ξ = ξρ = 5.6 pN/μm2. For such a stress ﬁber, tak-
ing p = 10μm[1,12,13], l0 = 40nm, Ξ = 5.6 pN/μm
2,
T = 298K, Fig. 2 plots the stress–strain relation from
Eq. (20). It can be seen from Fig. 2 that the stress ﬁber
behaves like a linear elastic material at very small strain
Fig. 2. Nonlinear axial stress-strain relation of an F-actin
stress ﬁber.
Fig. 3. Eﬀective Young’s modulus of a stress ﬁber as a
function of the applied stress.
and then stiﬀens signiﬁcantly at large strains, which is
a common feature among all polymer-based materials.
Figure 3 is plotted based on Eqs. (20) and (21), which
shows the eﬀective Young’s modulus of a stress ﬁber
as a function of the applied stress. This relationship
indicates that the elastic property of the stress ﬁber de-
pends strongly on its stress level which is usually con-
trolled by cell’s own contractile machinery but can be
changed through applied forces under experimental con-
ditions. According to this result, a contractile stress of
5.5 kPa,[16–18] which has been reported for stress ﬁbers
near a focal adhesion, would lead to a local stiﬀness
orders of magnitude larger than that of the cell as a
whole.
In conclusion, we have investigated the hyperelastic
behavior of an F-actin bundle based on the behavior of a
conﬁned wormlike chain. By treating each chain in the
bundle as a harmonically conﬁned WLC, we have ob-
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tained closed form expressions for the axial stress-strain
relation which reveals the strongly nonlinear, hyperelas-
tic behavior of these bundles under stretch. Based on
the concept of stress concentration index given by Qian
et al.[16,17] and Wang and Gao,[18] we expect that the
hyperelastic property of stress ﬁbers may play a very
important role in the stability control of focal adhesions.
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